Abstract. We study extra time-frequency shift invariance properties of Gabor spaces. For a Gabor space generated by an integer lattice, we state and prove several characterizations for its timefrequency shift invariance with respect to a finer integer lattice. The extreme cases of full translation invariance, full modulation invariance, and full time-frequency shift invariance are also considered. The results show a close analogy with the extra translation invariance of shift-invariant spaces.
Introduction
The time-frequency structured systems that are complete in the space of square integrable functions play a fundamental role in applied harmonic analysis. Systems that span a proper subspace are relevant, for example in communications engineering, and many aspects of these have been studied from an application oriented point of view. From a more mathematical, structure oriented point of view, many aspects remain to be explored.
An interesting question regarding subspaces spanned by time-frequency structured systems is whether they are invariant under time-frequency shifts other than those pertaining to their defining property. To state the question formally, we define unitary operators, translation T u :
f (x), and timefrequency shift π(u, η) = M η T u , where u, η ∈ R d . For ϕ ∈ L 2 (R d ) and Λ an additive closed subgroup of R 2d , we define the time-frequency structured Gabor system (ϕ, Λ) = {π(u, η)ϕ : (u, η) ∈ Λ} and the respective Gabor space G(ϕ, Λ) = span{π(u, η)ϕ : (u, η) ∈ Λ}. Note that, by definition, G(ϕ, Λ) is invariant under time-frequency shift by elements in Λ, that is, π(u, η)f ∈ G(ϕ, Λ) for all (u, η) ∈ Λ and f ∈ G(ϕ, Λ). The question is then, given (u 0 , η 0 ) / ∈ Λ, what conditions on ϕ are necessary and sufficient for the space G(ϕ, Λ) to be invariant under π(u 0 , η 0 )? This question is motivated by the work [ACH + 10] which treats the case of shift-invariant spaces. Extra translation invariance of shift-invariant spaces in L 2 (R d ) is characterized for the single variable case (d = 1) in [ACH + 10], and later, for the multivariable case (d ≥ 2) in [ACP11] . While only translations are of concern for invariance of shift-invariant spaces, in the case of Gabor spaces one needs to consider translations, modulations and also their combinations (i.e., time-frequency shifts). What makes the invariance properties of Gabor spaces even more difficult to analyze is the fact that time-frequency shifts do not commute. In this paper, we restrict our attention to integer time-frequency lattices in which case all time-frequency shifts do commute.
Some related works are the following. In [Bow07] , structural properties of Gabor spaces are studied in close analogy with those of shift-invariant spaces. In particular, characterizations for Gabor spaces are given in terms of range functions, analogously to the characterizations for shift-invariant spaces in . In [CMP16] , time-frequency shift invariance of Gabor spaces is studied in the context of the Amalgam Balian-Low theorem. The Amalgam Balian-Low Theorem asserts that there is no Gabor system which is a Riesz basis for L 2 (R d ) and at the same time its window function has good timefrequency localization. As a generalization of this theorem, [CMP16] showed that if a Gabor system generated by a rational lattice and a window function having good decay in time and frequency is a Riesz basis for the Gabor space it spans, then the Gabor space cannot be invariant under timefrequency shifts by elements not in the generating lattice.
In this paper, we mainly focus on extra invariance of Gabor spaces G(ϕ, Λ) where ϕ ∈ L 2 (R d ) and Λ ⊂ R 2d is an integer lattice, i.e., a lattice contained in Z 2d . When Λ Λ ⊆ Z 2d , we give complete characterizations for the Λ-invariance of G(ϕ, Λ), which turn out to have close analogy with the case for shift-invariant spaces. A major difference from the shift-invariance space case is that, as often in time-frequency analysis, the Zak transform is employed in place of the Fourier transform. Through the Zak transform, time-frequency shifts are represented on the time-frequency plane and are therefore easier to access than when the Fourier transform is used. By scaling the Zak transform, the results obtained generalize to the case Λ
We also consider some extreme cases where Λ = Z 2d and
, each of which corresponds to full translation invariance, full modulation invariance, and full time-frequency shift invariance, respectively. This paper is organized as follows. Section 2 contains some notations and definitions which will be used throughout the paper. In Section 3, we review some results on extra invariance of shift-invariant spaces. In Section 4, motivated from the case for shift-invariant spaces, we state and prove analogous characterizations for extra invariance of Gabor spaces. An example is given to illustrate our results.
Preliminaries
The Fourier transform is defined on
which is quasi-periodic in the sense that
= e 2πiη·x Zf (x − u, ω − η).
By the quasi-periodicity of Zak transform, it follows that for u,
, where GL(d, R) denotes the general linear group of degree d over R. We will consider lattices in R d for collections of time elements u ∈ R d , and lattices in R 2d for collections of timefrequency elements (u, η) ∈ R d × R d . We reserve the letter Γ for lattices in R d and Λ for lattices in R 2d . In many cases, separable lattices of the form
, where A, B ∈ GL(d, R), are considered. We write Λ = αZ d × βZ d in the case where A = αI and B = βI, α, β > 0. For ϕ ∈ L 2 (R d ) and an additive closed subgroup Λ ⊂ R 2d , let (ϕ, Λ) = {π(u, η)ϕ : (u, η) ∈ Λ} and G(ϕ, Λ) = span{π(u, η)ϕ : (u, η) ∈ Λ} be the Gabor system and Gabor space, respectively. For
We define the time invariance set of V as
). Similarly, we define the time-frequency invariance set of V as
If V is Λ-invariant where Λ ⊂ R 2d is a lattice, then P(V ) is an additive closed subgroup of R 2d containing Λ (see Proposition A.1 in Appendix I). Thus, if P(V ) contains a lattice Λ ⊂ R 2d and a subset S ⊂ R 2d , then P(V ) contains the smallest additive closed subgroup of R 2d generated by Λ and S.
Shift-Invariant Spaces
As preparation to our analysis on extra invariance of Gabor spaces, we collect some results in shift-invariant spaces. Extra invariance of shift-invariant spaces in 
3.1. Fourier transform characterization of shift-invariant spaces.
Functions belonging to a shift-invariant space can be characterized using the Fourier transform. For this we need to recall the notion of dual lattice. For an additive subgroup Γ of R d , its annihilator is the additive closed subgroup of R d given by
Note that (Γ * ) * = Γ (the closure of Γ in the standard topology of
Note that Γ ⊆ R d in Lemma 1 is not necessarily discrete. Lemma 1 was proved in [BDR94] for the case where Γ is a lattice.
Extra invariance of shift-invariant spaces.
While invariance of shift-invariant spaces is concerned with translations only, invariance of Gabor spaces concerns with both translations and modulations. For this reason, invariance sets associated with shift-invariant spaces and Gabor spaces are subsets of R d and R 2d respectively. To compare these sets, we need to match their ambient space dimensions. Thus, we will consider shift-invariant spaces in L 2 (R 2d ) and Gabor spaces in L 2 (R d ) so that their invariance sets are subsets of R 2d . In [ACP11] , extra invariance of shift-invariant spaces in L 2 (R 2d ) is completely characterized, more precisely, the paper characterizes the Γ-invariance of shift-invariant spaces where Γ ⊂ R 2d is an arbitrary closed subgroup containing Z 2d . To compare with the case for Gabor spaces, we state the result when Γ ⊂ R 2d is a (full rank) lattice containing Z 2d . Note that a closed subgroup of R 2d which contains Z 2d and an element in R 2d \Q 2d , is non-discrete. This implies that every lattice Γ ⊂ R 2d containing Z 2d is a rational lattice, which is a lattice consisting of rational elements only. In fact, any lattice
) and let Γ ⊂ R 2d be a lattice satisfying
The following are equivalent.
Moreover, if any one of the above holds, S(ϕ, Z
2d ) is the orthogonal direct sum
with each U ℓ being a (possibly trivial) subspace of S(ϕ, Z 2d ) which is invariant under translations by Γ.
From the fact that S(ϕ, Z 2d ) is translation invariant if and only if it is
for all m, n ∈ N, we obtain the following. Remark 4. Proposition 2 hinges on the representations associated with S(ϕ, Z 2d ) and S(ϕ, Γ). If
, then every function f in S(ϕ, Z 2d ) can be expressed in two different ways (in the Fourier transform domain):
where m(ξ, ω) is Z 2d -periodic and m(ξ, ω) is Γ * -periodic, and thus we have
and exploiting the fact that Γ * Z 2d , we get some restrictions on set {(ξ, ω) : ϕ(ξ, ω) = 0} which is defined up to a measure zero set. Clearly, it is impossible that ϕ(ξ, ω) = 0 a.e. This yields the condition (d) in Proposition 2.
Gabor spaces
When considering time-frequency shift invariant spaces, i.e., Gabor spaces, the Zak transform replaces the Fourier transform and adjoint lattice takes over the role of dual lattice (compare Lemma 1 with Lemma 5).
Zak transform representation for Gabor spaces.
Recall that Lemma 1 gives Fourier transform representation for shift-invariant spaces. In this section, we treat analogous representations for Gabor spaces using Zak transform.
For a (full rank) lattice Λ ⊂ R 2d , its adjoint lattice is defined by
Using the relation (1), we immediately see that
, and that the adjoint reverses the inclusions:
and in this case the functions in G(ϕ, Λ) are accessible through a simple expression using the Zak transform.
and only if there exists a Λ
• -periodic measurable function h(x, ω) such that
A proof of Lemma 5 is given in Appendix II. Below we describe the main mechanics of the proof, to help the reader understand the following results. Assume that (ϕ, Λ) is a frame for its closed linear span G(ϕ, Λ), so that every f ∈ G(ϕ, Λ) can be expressed in the form
Applying the Zak transform on both sides and using (3), we obtain the equation (5) 
Note that the requirement Λ ⊆ Z 2d enables the use of (3), and that h(x, ω) is Λ
• -periodic, since for any (
As can be seen above, the condition Λ ⊆ Z 2d plays a crucial role in Lemma 5 and therefore cannot be dropped. Conversely, assume that (5) holds for some Λ
• -periodic measurable function h(x, ω) where Λ ⊂ R 2d is a lattice. Then since Zf (x, ω) and Zϕ(x, ω) are quasi-periodic, h(x, ω) can be replaced with a function which is both Λ
• -periodic and Z 2d -periodic. That is, h(x, ω) can be always assumed to be Z 2d -periodic, which naturally suggests that Λ • ⊇ Z 2d , i.e., Λ ⊆ Z 2d . Hence, the requirement Λ ⊆ Z 2d in Lemma 5 is not only essential but also very natural for (5) to hold. Note that since both sides of (5) are quasi-periodic, it is sufficient to check the equality (5) 4.2.1. The case Λ ⊆ Λ ⊆ Z 2d . As our first main result, we characterize the Λ-invariance of G(ϕ, Λ) when Λ, Λ ⊆ R 2d are lattices such that Λ ⊆ Λ ⊆ Z 2d . 
Equivalently, for a.e. (x, ω), at most one of the sums ( 
Moreover, if any one of the above holds, G(ϕ, Λ) is the orthogonal direct sum
with each U (ℓ) being a (possibly trivial) subspace of G(ϕ, Λ) which is Λ-invariant. 
It is easily seen that each of I (ℓ) , ℓ = 0, 1, . . . , N −1 is of the form {(u, η) ∈ R 2d : e 2πi(b·u−a·η) = ζ N } where ζ N is an N th root of unity. While proving Theorem 6, we will assume without loss of generality that
(1) , . . . , I (N −1) }, so that K consists of exactly N elements each of which represents one
For the proof of Theorem 6, we need the following lemma. 
Proof. The proof is similar to Lemma 4.3 in [ACH
is a sequence that converges to some f in L 2 (R d ). Since G(ϕ, Λ) is closed and {f n } ∞ n=1 ⊂ G(ϕ, Λ), it follows that f ∈ G(ϕ, Λ). Further, since Z is unitary we have
Since the left hand side converges to zero, we must have
Let us first see that U (ℓ) is Λ-invariant. Fix any f ∈ U (ℓ) and let g ∈ G(ϕ, Λ) be such that
where π(a, b)g ∈ G(ϕ, Λ), and thus π(a, b)f ∈ U (ℓ) . This shows that U (ℓ) is Λ-invariant. Next, to see that U (ℓ) is in fact Λ-invariant, we fix any (a, b) ∈ Λ (⊆ Z 2d ) and consider a Λ • -periodic function given by
where
By Lemma 5 and since
is Λ-invariant. 
. . , N − 1. Therefore, we have the orthogonal direct sum decomposition
. . , N − 1. Then for each ℓ, Lemma 5 implies that there exists a Λ
• -periodic measurable function h (ℓ) (x, ω) such that
By a standard periodization trick, we get
and
Note that the left hand sides of (7) and (8) coincide if (x, ω) ∈ B (ℓ) . Thus, for a.e. (x, ω) ∈ B (ℓ) , ). We will show π(a, b)ϕ ∈ G(ϕ, Λ) using Lemma 5, more precisely, by constructing a Λ
• -periodic measurable function h :
Noting that D is a fundamental domain of the lattice Λ
• , we will define h on D and extend it Λ
• -periodically to R 2d . By assumption, the set of all (x, ω) ∈ D for which (6) is violated is a measure zero set which we denote by
ω). Combining with the fact that
With h(x, ω) defined on D as above, it follows that for all (u,
This in fact holds for all (u, η) ∈ Λ • , since Λ • ⊇ Z 2d and Zak transform is quasi-periodic. Therefore, with h(x, ω) extended Λ
• -periodically from D to R 2d , we have
From (3) and Lemma 5, we conclude that π(a, b)ϕ ∈ G(ϕ, Λ). Remark 10. In Proposition 2 extra invariance of S(ϕ, Z 2d ) is characterized through zeros of ϕ(ξ, ω), while in Theorem 6 extra invariance of G(ϕ, Λ) is characterized through zeros of Zϕ(x, ω). Similar to Remark 4, we have following.
Assume that G(ϕ, Λ) = G(ϕ, Λ), where ϕ ∈ L 2 (R 2d ) and Λ, Λ ⊆ R 2d are lattices satisfying Λ Λ ⊆
. Then every f ∈ G(ϕ, Λ) can be represented in two different ways (in the Zak transform domain):
where h(x, ω) is Λ
• -periodic and h(x, ω) is Λ • -periodic (see Lemma 5), and thus we have
By picking h(x, ω) and h(x, ω) that are genuinely Λ • -periodic and Λ • -periodic respectively, and exploiting the fact that Λ
• Λ
• , we obtain some restrictions on the set {(x, ω) : Zϕ(x, ω) = 0} which is defined up to a measure zero set. Clearly, it is impossible that Zϕ(x, ω) = 0 for a.e. (x, ω) in R 2d . This yields condition (d) in Theorem 6.
The case
To compare with shift-invariant spaces S(ϕ, Z 2d ), we consider the lattice Λ = Z 2d . We will treat the extreme cases
invariant under all translations (R d × {0}-invariant) if and only if there exists a measurable set
E ⊂ [0, 1) d such that Zϕ(x, ω) = 0 a.e. on [0, 1) d × E and Zϕ(x, ω) = 0 a.e. on [0, 1) d × ([0, 1) d \E). (b) G(ϕ, Z 2d ) is invariant under all modulations ({0} × R d -
invariant) if and only if there exists a measurable set
, and fix any u ∈ R d . For a.e. ω 0 ∈ E fixed, we have Zϕ(·, ω 0 ) = 0 a.e. and thus exists a measurable function h(·, ω 0 ) such that
e. so we may set h(·, ω 0 ) = 0. With h(x, ω) defined on [0, 1) 2d as above (and extended Z 2d -periodically over Remark 12 (Shift-invariant spaces vs. Gabor spaces generated by integer lattices). ( 
Remark 13 (Shift-invariant spaces vs. Gabor spaces -Remarks 4 and 10 revisited).
(i) Extra invariance of shift-invariant spaces Let ϕ ∈ L 2 (R 2d ) and let Γ ⊂ R 2d be a proper super-lattice of Z 2d , i.e., a lattice strictly containing
invariant under translations by Γ, that is, S(ϕ, Z 2d ) = S(ϕ, Γ). Then every function f ∈ S(ϕ, Z 2d ) can be expressed in two different ways:
where m(ξ, ω) is Z 2d -periodic and m(ξ, ω) is Γ * -periodic. Since the Fourier transforms ϕ(ξ, ω), f (ξ, ω) ∈ L 2 (R 2d ) are non-periodic, there is no other periodicity involved in the equation. From the different periodicity of m(ξ, ω) and m(ξ, ω), we get some constraints on the set of zeros of ϕ(ξ, ω).
With m, n ∈ N large, the lattice Γ has a large density which corresponds to Γ * having a small density.
(ii) Extra invariance of Gabor spaces Let ϕ ∈ L 2 (R 2d ) and let Λ, Λ ⊆ R 2d be lattices satisfying
. Then every function f in G(ϕ, Λ) can be expressed in two different ways:
• -periodic and h(x, ω) is Λ • -periodic. Note that unlike the (non-periodic) Fourier transform, the Zak transform is quasi-periodic. Therefore, by replacement if necessary, h(x, ω) and h(x, ω) can be assumed to be Z 2d -periodic, which conforms to the condition that Λ, Λ ⊆ Z 2d (equivalently, Λ
• , Λ • ⊇ Z 2d ). This obviously limits the lattice Λ to be coarser than Z 2d , whereas the lattice Γ discussed in (i) has no such restrictions and can be highly dense. Similarly as in (i), we obtain some constraints on the set of zeros of Zϕ(x, ω) using the different periodicity of h(x, ω) and h(x, ω).
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